We investigate polygamy relations of multipartite entanglement in arbitrary-dimensional quantum systems. By improving an inequality and using the βth (0 ≤ β ≤ 1) power of entanglement of assistance, we provide a new class of weighted polygamy inequalities of multipartite entanglement in arbitrary-dimensional quantum systems. We show that these new polygamy relations are tighter than the ones given in [Phys. Rev. A 97, 042332 (2018)].
Introduction
Monogamy of entanglement (MOE) is one of the hot issues in the study of quantum information theory in recent years. Being an intriguing feature of quantum entanglement, it is tightly related to many quantum information and communication processing tasks such as the security proof in quantum cryptographic scheme [1] . Mathematically, MOE can be characterized by the following inequality:
where ρ ABC is a tripartite quantum state with its reduced density matrices ρ AB = tr C (ρ ABC ) and ρ AC = tr B (ρ ABC ), E(·) is a bipartite entanglement measure. The first monogamy inequality was proposed for three-qubit systems by use of tangle as the bipartite entanglement measure [2] , and later was generalized to the case of multiqubit quantum systems [3] as well as some cases of higher-dimensional quantum systems using various bipartite entanglement measures [4, 5, 6, 7] .
Besides MOE, polygamy of entanglement (POE) has also attracted much attention, due to its dually monogamous property in multipartite quantum systems. POE is also mathematically described by the following inequality:
where E a (·) is the assisted entanglement [8] . The first polygamy inequality was established in three-qubit systems by use of tangle of assistance [8] . It was later generalized to multiqubit systems by using various assisted entanglements [6, 7, 9] . For the case of arbitrary-dimensional quantum systems, general polygamy inequalities of multipartite entanglement is also proposed in Ref. [10, 11, 12] by using entanglement of assistance.
In Ref. [8] , Gour et al. proposed the first polygamy relation in three-qubit systems.
For a three-qubit pure state |ψ ABC , the following polygamy inequality holds [8] :
where τ (|ψ A|BC ) is the tangle of the pure state |ψ ABC under partition A and BC, and
is the tangle of assistance of ρ AB = Tr C |ψ ABC ψ|, with the maximum taken over all possible pure-state decompositions of ρ AB = i p i |ψ i AB ψ i |. After that, inequality (3) was generalized to the case of arbitrary N-qubit quantum systems [9] :
where ρ A 1 A 2 ···A N is an N-qubit mixed state, and ρ A 1 A i are reduced density matrices, i = 2, . . . , n.
For the case of higher-dimensional quantum systems, the von Neumann entropy is shown to be a good measure to establish polygamy inequalities of multipartite entanglement in arbitrary-dimensional systems [10] . For a tripartite pure state |ψ ABC , one
the von Neumann entropy of entanglement between A and BC, and E a (ρ AB ) is the entanglement of assistance (EOA) of ρ AB defined by [14] ,
where the maximization is taken over all possible pure state decompositions of ρ AB = i p i |ψ i AB ψ i |. Furthermore, for arbitrary dimensional quantum states ρ A 1 A 2 ···An , a general polygamy inequality of multipartite quantum entanglement was also established [11] ,
In Ref. [13] , Kim proposed a tight polygamy inequality of multipartite entanglement in arbitrary-dimensional quantum systems. Using the βth power of entanglement of assistance for 0 ≤ β ≤ 1, and the Hamming weight of the binary vector related with the distribution of subsystems, a class of weighted polygamy inequalities of multipartite entanglement in arbitrary-dimensional quantum systems is derived. These inequalities are shown to be tighter than the previous ones for some class of quantum states. However, we claim that these results can be further improved by refining an inequality. In this paper, we provide a new class of weighted polygamy inequalities of multipartite entanglement in arbitrary-dimensional quantum systems. We show that our new polygamy inequalities are tighter than the one given in [13] .
Tighter weighted polygamy inequalities of multipartite entanglement
In this section, we establish strengthened weighted polygamy inequalities for multipartite entanglement. Suppose that j is a non-negative integer with its binary expansion j = n−1 i=0 j i 2 i , where log 2 j < n and j i ∈ {0, 1} for i = 0, 1, . . . , n − 1. The binary vector of j is defined as j = (j 0 , j 1 , . . . , j n−1 ), and the Hamming weight of j, denoted as ω H ( j), is defined as the number of 1's in its coordinates [15] . By using the βth power of EOA and the Hamming weight of the binary vector related with the distribution of subsystems, the author in Ref. [13] provided the following weighted polygamy inequality of multipartite entanglement in arbitrary dimensional quantum systems:
In the following we show that this inequality can be further refined. We first introduce the Lemma below [16] .
Lemma 1 Suppose k is a real number satisfying 0 < k ≤ 1, then for any 0 ≤ x ≤ k, we have
for 0 ≤ β ≤ 1.
We have the following Theorem. 
where
Proof. We prove the Theorem by an approach similar to the one in [13] . We denote
, we only need to show that
We first prove the inequality (10) for the case of N = 2 n , and use the mathematical induction on n. For n = 1, using Lemma 1, one can easily get
Thus the inequality (10) holds when N = 2, i.e., n = 1.
Assume that the inequality (10) holds for N = 2 n−1 . We now consider the case of N = 2 n . From the conditions of the Theorem, we first have the following fact:
Summing up the above inequalities, we get
Again using Lemma 1, we obtain
From the induction hypothesis, we have
On the other hand, it is obvious that
Hence we have
This indicates that the inequality (10) holds for N = 2 n .
Let N be an arbitrary positive integer. Then there exists n such that 0 < N ≤ 2 n .
Consider a (2 n + 1)-partite quantum state γ A|B 0 B 1 ···B 2 n −1 = ρ A|B 0 B 1 ···B N−1 ⊗ σ B N ···B 2 n −1 . As just proved above we have that
where γ A|B j are reduced density matrices of
where the last equality holds since γ A|B j = ρ A|B j , for j = 0, · · · , N − 1. This completes the proof.
Note that when k = 1, the inequality (9) becomes
Since 2 β − 1 ≤ β for 0 ≤ β ≤ 1, this new inequality is tighter than inequality (6). To be more intuitive, let us consider the three qubit W state,
One has
[17]. Then inequality
272 from inequality (6), which shows that our inequality is tighter than the one in (6) . See also Fig.1 .
In Ref. [13] , the author derived another weighted polygamy inequality which is tighter than inequality (6): The y axis is the EOA of |W ABC and its upper bound, which are functions of β. The blue solid line is the EOA of |W ABC , the dot-dashed line is the upper bound from our result, and the dashed line is the upper bound from the result in [13] .
Here we can also establish a strengthened type of the weighted polygamy inequality given in Theorem 1. 
Proof. We follow the proof by Kim [13] . From inequality (5), it is sufficient to show that
We use the mathematical induction on N. It is obvious that inequality (24) holds when N = 2. Assume that it also holds for any positive integer less than N. Consider the state
where the inequality is due to Lemma 1. On the other hand, from the induction hypothesis we get
Taking in to account (26) and the last equality of (25), we complete the proof.
Conclusion
We have studied polygamy relations of multipartite entanglement in arbitrary-dimensional quantum systems. Inspired by the previous work in [13] , we have proposed a new class of weighted polygamy inequalities for multipartite entanglement in arbitrary-dimensional quantum systems by using the βth power of entanglement of assistance for 0 ≤ β ≤ 1. We have proved that these new inequalities are tighter than the ones given in [13] . Our results may shed new light on the research of polygamy constraints of multipartite entanglement and provide finer characterization of the entanglement distributions.
